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QUOTIENT SINGULARITIES, ETA INVARIANTS, AND
SELF-DUAL METRICS
MICHAEL T. LOCK AND JEFF A. VIACLOVSKY
Abstract. There are three main components to this article:
• (i) A formula for the eta invariant of the signature complex for any finite
subgroup of SO(4) acting freely on S3 is given. An application of this is a
non-existence result for Ricci-flat ALE metrics on certain spaces.
• (ii) A formula for the orbifold correction term that arises in the index of the
self-dual deformation complex is proved for all finite subgroups of SO(4) which
act freely on S3. Some applications of this formula to the realm of self-dual
and scalar-flat Ka¨hler metrics are also discussed.
• (iii) Two infinite families of scalar-flat anti-self-dual ALE spaces with groups
at infinity not contained in U(2) are constructed. Using these spaces, new
examples of self-dual metrics on n#CP2 are obtained for n ≥ 3.
1. Introduction
This focus of this work is on questions arising from the study of four-dimensional
spaces that have isolated singularities or non-compact ends which are respectively
modeled on neighborhoods of the origin and infinity of R4/Γ where Γ ⊂ SO(4) is a
finite subgroup which act freely on S3.
In particular, we say that (M4, g) is a Riemannian orbifold with isolated singular-
ities if g is a smooth Riemannian metric away from a finite set of singular points,
and at each singular point the metric is locally the quotient of a smooth Γ-invariant
metric on B4 by some finite subgroup Γ ⊂ SO(4) which acts freely on S3. The group
Γ is known as the orbifold group at that point.
Now, given such a compact orbifold with positive scalar curvature, the Green’s
function for the conformal Laplacian associated to any point p ∈ M is guaranteed
to exist, which we denote by Gp. Then, the non-compact space (M
4 \ {p}, G2pg) is a
complete scalar-flat orbifold with a coordinate system at infinity arising from inverted
normal coordinates in the metric g around p. This, which we call a conformal blow-up,
motivates the following definition.
We say that a non-compact Riemannian orbifold (X4, g) is asymptotically locally
Euclidean (ALE) of order τ if there exists a diffeomorphism
ψ : X4 \ U →
(
R
4 \BR(0)
)
/Γ,(1.1)
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where U ⊂ X4 is compact and Γ ⊂ SO(4) is a finite subgroup which acts freely on S3,
satisfying (ψ∗g)ij = δij+O(r
−τ ) and ∂|k|(ψ∗g)ij = O(r
−τ−k), for any partial derivative
of order k, as r → ∞ where r is the distance to some fixed basepoint. The group Γ
is known as the group at infinity .
Now, for such an ALE space, let u : X4 → R+ be a function which satisfies
u = O(r−2) as r → ∞. Then, there is a compactification of the space (X4, u2g) to
an orbifold, which we denote by (X̂4, ĝ). In general, this will only be a C1,α-orbifold.
However if the metric satisfies a condition known as anti-self-duality, which we discuss
next, there exists a compactification to a C∞-orbifold with positive Yamabe invariant,
see [TV05, CLW08].
On an oriented four-dimensional Riemannian manifold (M, g), the Hodge star op-
erator associated to the metric g acting on 2-forms satisfies ∗2 = Id and, in turn,
induces the decomposition Λ2 = Λ2+ ⊕ Λ
2
−, where Λ
2
± are the ±1 eigenspaces of ∗|Λ2
respectively. Viewing the Weyl tensor as an operatorWg : Λ
2 → Λ2, this leads to the
decomposition
Wg =W
+
g +W
−
g ,(1.2)
where W±g = Π
± ◦ Wg ◦ Π
±, with Π± = (Id ± ∗)/2 being the respective projection
maps onto Λ2±. This decomposition is conformally invariant. The metric g is called
self-dual if W−g = 0 and anti-self-dual if W
+
g = 0. It is important to note that by
reversing orientation a self-dual metric becomes anti-self-dual and vice versa.
Remark 1.1. The conformal compactification of an anti-self-dual ALE space, with
group at infinity Γ, has the same orbifold group at the point of compactification as long
as the orientation is reversed, in which case the metric is self-dual. Therefore, while
our focus is on anti-self-dual ALE metrics, we will consider the self-dual orientation
for compact orbifolds.
It is necessary to briefly introduce the classification of finite subgroups of SO(4)
which act freely on S3 before stating our main results. A more thorough discussion
is provided in Section 2.1. These groups are given by the finite subgroups of U(2)
which act feely on S3, and their orientation reversed conjugates by which we mean
that there is an orientation-reversing intertwining map between said groups. Given
a group Γ ⊂ SO(4), its orientation reversed conjugate will be denoted by Γ ⊂ SO(4).
In Table 1.1 below, we list of all finite subgroups of U(2) which act freely on S3. From
this all desired subgroups of SO(4) can be understood. First, a remark on notation:
• For m and n nonzero integers, L(m,n) denotes the cyclic group generated by(
exp(2πi/n) 0
0 exp(2πim/n)
)
.
• The map φ : S3 × S3 → SO(4) is the standard double cover, see (2.2).
• The binary polyhedral groups are denoted by D∗4n, T
∗, O∗, I∗ (dihedral, tetra-
hedral, octahedral, icosahedral respectively).
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Table 1.1. Finite subgroups of U(2) which act freely on S3
Γ ⊂ U(2) Conditions Order
L(m,n) (m,n) = 1 n
φ(L(1, 2m)×D∗4n) (m, 2n) = 1 4mn
φ(L(1, 2m)× T ∗) (m, 6) = 1 24m
φ(L(1, 2m)× O∗) (m, 6) = 1 48m
φ(L(1, 2m)× I∗) (m, 30) = 1 120m
Index–2 diagonal ⊂ φ(L(1, 4m)×D∗4n) (m, 2) = 2, (m,n) = 1 4mn
Index–3 diagonal ⊂ φ(L(1, 6m)× T ∗) (m, 6) = 3 24m.
Remark 1.2. The index–2 and index–3 diagonal subgroups will be denoted by I2m,n
and I3m respectively. Also, often only non-cyclic subgroups of U(2) will be considered.
This excludes the cyclic groups φ(L(1, 2m)×D∗4) and I
2
m,1 (these are the n = 1 cases).
We are now able to state the main results of this work. Although there is a
relationship between the underlying ideas of their proofs, these fall into three distinct
categories and are separated accordingly.
1.1. Eta invariants and Einstein metrics. Let (M, g) be a compact orbifold hav-
ing a finite number of isolated singularities {p1, · · · , pk} with corresponding orbifold
groups {Γ1, · · · ,Γk} ⊂ SO(4). The orbifold signature theorem gives the formula
τtop(M) = τorb(M)−
n∑
i=1
η(S3/Γi),(1.3)
where the quantity τorb(M) is the orbifold signature defined by
τorb(M) =
1
12π2
∫
M
(||W+||2 − ||W−||2)dVg,(1.4)
and η(S3/Γi) is the η-invariant of the signature complex. Since Γi ⊂ SO(4) is a finite
subgroup, this can be shown to be given by
η(S3/Γi) =
1
|Γi|
∑
γ 6=Id∈Γi
cot
(r(γ)
2
)
cot
(s(γ)
2
)
,(1.5)
where r(γ) and s(γ) denote the rotation numbers of γ ∈ Γi.
The η-invariants of certain groups are known. For finite subgroups of SU(2) it can
be computed directly [Nak90, Hit97]. Also, for relatively prime integers 1 ≤ q < p,
Ashikaga-Ishikawa [AI08] proved a formula for the η-invariant of the cyclic group
L(q, p) in terms of the ei and k that arise in the modified Euclidean algorithm (2.6).
(This is also recovered easily from the authors’ work in [LV12].) This formula is
given in (3.1). Our first results is a formula for all possible cases, and is proved in
Section 3.1.
Theorem 1.3. Let Γ ⊂ SO(4) be a non-cyclic finite subgroup which acts freely on S3.
Then, the eta-invariant of the signature complex is given as follows:
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• For Γ ⊂ U(2)
η(S3/Γ) =
2
3
(2m2 + 1
|Γ|
)
− 1 +AΓ,(1.6)
where AΓ is a constant given in the following table.
Γ ⊂ U(2) AΓ Congruences / Conditions
φ(L(1, 2m)×D∗4n) η(S
3/L(m,n)) (m, 2n) = 1
φ(L(1, 2m)× T ∗) ±4
9
m ≡ ±1 mod 6
φ(L(1, 2m)× O∗)
±13
18
m ≡ ±1 mod 12
± 5
18
m ≡ ±5 mod 12
φ(L(1, 2m)× I∗)
±46
45
m ≡ ±1 mod 30
±2
9
m ≡ ±7,±13 mod 30
±26
45
m ≡ ±11 mod 30
I
2
m,n η(S
3/L(m,n)) (m, 2) = 2, (m,n) = 1
I
3
m 0 m ≡ 3 mod 6
• For Γ 6⊂ U(2)
η(S3/Γ) = −η(S3/Γ),(1.7)
where η(S3/Γ) is given by (1.6) since here Γ ⊂ U(2).
Remark 1.4. Notice that although the AΓ terms for the η-invariants of φ(L(1, 2m)×
D∗4n) and I
2
m,n contain an η(S
3/L(m,n)), they can be computed algorithmically by
using formula (3.1) for the η-invariant of a cyclic group.
We next give an application of Theorem 1.3. There is a well-known conjecture, due
to Bando-Kasue-Nakajima, that the only simply-connected Ricci-flat ALE metrics
in dimension four are the hyperka¨hler ones [BKN89]. The following shows that the
conjecture is true, provided one restricts to the diffeomorphism types of minimal
resolutions of C2/Γ, or any iterated blow-up thereof..
Theorem 1.5. Let Γ ⊂ U(2) be a finite subgroup which acts freely on S3, and let X
be diffeomorphic to the minimal resolution of C2/Γ, or any iterated blow-up thereof.
If g is a Ricci-flat ALE metric on X, then Γ ⊂ SU(2) and g is hyperka¨hler.
This is proved in Section 3.2 by applying the Hitchin-Thorpe inequality for ALE
metrics obtained by Nakajima, together with the result in Theorem 1.3. If one as-
sumes that g is Ka¨hler, the result is trivial, so we emphasize that we only make an
assumption about the diffeomorphism type, and do not assume g is Ka¨hler.
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1.2. Self-dual deformations. If (M, g) is a self-dual four-manifold, then the lo-
cal structure moduli space of self-dual conformal classes near g is controlled by the
following elliptic complex known as the self-dual deformation complex:
Γ(T ∗M)
Kg
−→ Γ(S20(T
∗M))
Dg
−→ Γ(S20(Λ
2
−)).(1.8)
Here Kg is the conformal Killing operator, S
2
0(T
∗M) denotes traceless symmetric
2-tensors, and Dg = (W
−)′g is the linearized anti-self-dual Weyl curvature operator.
If M is compact then the index of this complex is given in terms of topological
quantities via the Atiyah-Singer Index Theorem as
Ind(M, g) =
2∑
i=0
(−1)i dim(H iSD) =
1
2
(15χtop(M)− 29τtop(M)),(1.9)
where χtop(M) is the Euler characteristic, τtop(M) is the signature, and H
i
SD is the
ith cohomology group of (1.8), for i = 0, 1, 2.
In [LV14], the authors discussed the deformation theory of certain scalar-flat Ka¨hler
ALE metrics. Unlike the scalar-flat Ka¨hler condition, the anti-self-dual condition is
conformally invariant, so we can transfer the the deformation problem of anti-self-dual
ALE spaces to their self-dual conformal compactifications. However, these conformal
compactifications are orbifolds, upon which formula (1.9) does not necessarily hold as
there are correction terms required arising from the singularities. Kawasaki proved a
version of the Atiyah-Singer index theorem for orbifolds [Kaw81], with the orbifold
correction terms expressed as certain representation-theoretic quantities. In [LV12],
the authors explicitly determined this correction term in the case of cyclic quotient
singularities. Our next result is a determination of the correction term for all finite
subgroups Γ ⊂ SO(4) which act freely on S3.
Theorem 1.6. Let (M, g) be a compact self-dual orbifold with a single orbifold point
having orbifold group Γ, a non-cyclic finite subgroup of SO(4). Then, the index of the
self-dual deformation complex on (M, g) is given by
Ind(M, g) =
1
2
(15χtop(M)− 29τtop(M)) +N(Γ),
where N(Γ) is given as follows:
• For Γ ⊂ U(2)
N(Γ) = −4bΓ + BΓ,(1.10)
where −bΓ, given by (2.7), is the self-intersection number of the central ratio-
nal curve in the minimal resolution of C2/Γ, and BΓ is a constant given in
Table 4.1.
• For Γ 6⊂ U(2)
N(Γ) = −N(Γ)−
{
6 Γ ⊂ SU(2)
7 Γ 6⊂ SU(2),
(1.11)
where N(Γ) is given by (1.10) since here Γ ⊂ U(2).
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This is proved in Section 4.1. Note that Theorem 1.6 generalizes easily to the case
of orbifolds with any finite number of singularities. We also note that the second
author previously proved such an index formula for the binary polyhedral groups and
their orientation reversed conjugates [Via12], which is recovered here as well.
In [LV14], the authors proved the existence of scalar-flat Ka¨hler ALE metrics on the
minimal resolution of C2/Γ for all finite subgroups Γ ⊂ U(2). When Γ ⊂ SU(2) such
metrics are necessarily hyperka¨hler and, from [LV14, Section 8], the anti-self-dual
deformations are the same as the scalar-flat Ka¨hler deformations. However, as an
application of Theorem 1.6, we have the following, which shows the non-hyperka¨hler
examples of these metrics have many more anti-self-dual deformations than scalar-flat
Ka¨hler deformations.
Theorem 1.7. Let g be a scalar-flat Ka¨hler ALE metric on the minimal resolution
X of C2/Γ, where Γ ⊂ U(2) is a finite subgroup which acts freely on S3. Then,
the dimension of the moduli space of scalar-flat anti-self-dual ALE metrics near g
is strictly larger than the dimension of the moduli space of scalar-flat Ka¨hler ALE
metrics near g, unless Γ ⊂ SU(2) in which case there is equality.
This is proved in Section 4.2, where we also give a formula for the formal dimension
of the moduli space of scalar-flat anti-self-dual metrics near g.
1.3. Self-dual constructions. In [Via12], the second author posed the question of
existence of anti-self-dual ALE spaces with groups at infinity orientation reversed con-
jugate to the binary polyhedral groups. The LeBrun negative mass metrics [LeB88]
are examples of scalar-flat Ka¨hler, hence anti-self-dual, ALE spaces with groups at
infinity orientation reversed conjugate to cyclic subgroups of SU(2). However, since
the orientation reversed conjugate groups to the binary polyhedral groups are not
contained in U(2), there cannot be scalar-flat Ka¨hler ALE spaces with these groups
at infinity. Therefore the natural question is that of the existence of anti-self-dual
metrics. This question clearly extends to include the orientation reversed conjugate
groups of all non-cyclic finite subgroups of U(2) which act freely on S3. We now give
a partial answer to this question and use this to construct some new examples of
self-dual metrics in Corollary 1.10.
Theorem 1.8. Let Γ1 = φ(L(1, 2m) × D
∗
4n) and Γ2 = I
2
m,n, with integers m,n as
specified respectively in Table 1.1 so the action on S3 is free. Then, for i = 1, 2, there
exists a scalar-flat anti-self-dual ALE space (Xi, gXi) with group at infinity Γi, the
orientation-reversed conjugate group to Γi, satisfying π1(Xi) = Z/2Z. Furthermore,
the gXi may be chosen to admit an isometric S
1-action.
Remark 1.9. It is still unknown whether there are such examples for the other non-
cyclic orientation reversed conjugate subgroups which act freely on S3, this is a very
interesting question.
Let Γ1 and Γ2 be as in Theorem 1.8. For i = 1, 2, let (Yi, gYi) denote the scalar-
flat Ka¨hler, hence anti-self-dual, ALE space with group at infinity Γi, obtained for
the non-cyclic (n > 1) and cyclic (n = 1) cases respectively in [LV14, CS04], and
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let (Xi, gXi) denote the anti-self-dual ALE space with group at infinity Γi obtained
in Theorem 1.8 above. These can be compactified to self-dual orbifolds, (Ŷi, ĝYi)
and (X̂i, ĝXi), and then attached via a self-dual orbifold gluing theorem. Although
π1(Xi) = Z/2Z, we will show that π1(X̂i#Ŷi) = {1}, and thus have the following
corollary.
Corollary 1.10. Let Γ1 = φ(L(1, 2m)× D
∗
4n) and Γ2 = I
2
m,n, with integers m,n as
specified in Table 1.1 so the action on S3 is free. For i = 1, 2, define the integer
ℓi(m,n) = 3 +

k(n−m,n) + k(m−n,m) n > 1 and m > 1
m− 1 n = 1 and m > 1
n− 1 n > 1 and m = 1
0 n = 1 and m = 1,
(1.12)
where k(q,p) denotes the length of the Hirzebruch-Jung modified Euclidean algorithm
for (q, p) (see (2.6) for a description). Then, for i = 1, 2, there exists two distinct
sequences of self-dual metrics on ℓi(m,n)#CP
2, one limiting to an orbifold with a
single orbifold point of type Γi, and the other limiting to an orbifold with with a
single orbifold point of type Γi. Finally, these examples may be chosen to admit a
conformally isometric S1-action.
To the best of the authors’ knowledge, these are new examples of degeneration of
self-dual metrics to orbifolds with these orbifold groups. The proofs of Theorem 1.8
and Corollary 1.10 are given in Section 5.2.
Remark 1.11. The m = n = 1 case, which can only occur for Γ1, is minimal here
in the sense that ℓ1(1, 1) = 3 is the smallest number of CP
2s on which we obtain a
self-dual metric by this technique. Also, notice that for all ℓ > 3 there are multiple
possibilities for m and n to obtain a self-dual metric on ℓ#CP2. Since each such
possibility limits to distinct orbifold metrics, the corresponding metrics on ℓ#CP2
are themselves distinct. For example, ℓ1(1, 2)#CP
2 = ℓ2(2, 1)#CP
2 = 4#CP2, but
the orbifold limits respectively have singularities of types conjugate to φ(L(1, 2)×D∗8)
and I22,1. It is an interesting question whether these self-dual metrics lie in the same
or distinct components of the moduli space of self-dual metrics on ℓ#CP2.
1.4. Acknowledgements. The authors would like to express gratitude to Olivier
Biquard, Nobuhiro Honda, and Claude LeBrun for many helpful discussions regarding
self-dual geometry.
2. Background
2.1. Group actions and the Hopf fibration. It will be convenient to understand
SO(4) in terms of quaternionic multiplication. We identity C2 with the space of
quaternions H by
(z1, z2) ∈ C
2 ←→ z1 + z2jˆ ∈ H,(2.1)
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and consider S3, in the natural way, as the space of unit quaternions. It is well known
that the map φ : S3 × S3 → SO(4) defined by
φ(a, b)(h) = a ∗ h ∗ b¯,(2.2)
for a, b ∈ S3 and h ∈ H, is a double cover. Right multiplication by unit quaternions
gives SU(2). Notice that this is just the restriction φ|1×S3. The finite subgroups
of SU(2) were found in [Cox40] and are given by the cyclic groups L(−1, n), for all
integers n ≥ 1, and the binary polyhedral groups. Similarly, the restriction
φ : S1 × S3 → U(2),(2.3)
where the S1 is given by eiθ for 0 ≤ θ < 2π, is a double cover of U(2). The finite
subgroups of U(2) were classified in [DV64, Cox91]. Those which act freely on S3 were
later classified in [Sco83]. These are the groups given above in Table 1.1, we refer the
reader to [LV14] for an explicit list of generators and a more thorough exposition.
Here, we are interested in all finite subgroups of SO(4) which acts freely on S3, not
just those in U(2). However, any such group is conjugate, in SO(4), to a subgroup
of φ(S1 × S3) or φ(S3 × S1), and moreover, these groups themselves are conjugate
subgroups of O(4), see [Sco83]. Since φ(S1 × S3) = U(2), we call the subgroups
of φ(S3 × S1) the orientation reversed conjugate groups . If Γ ⊂ U(2), we denote
its orientation reversed counterpart by Γ ⊂ φ(S3 × S1) ⊂ SO(4). If Γ ⊂ U(2) is
finite, then it has a finite set of generators which can be written (not uniquely) as
{φ(ai, bi)}i=1,...,n for some (ai, bi) ∈ S
1×S3. Observe that, up to conjugation in SO(4),
the orientation reversed conjugate group Γ, would be generated by switching the left
and right multiplication in the generators, i.e. by the set {φ(bi, ai)}i=1,...,n.
A crucial step that underlies the results of this paper will be to consider quotients
of certain orbifolds. The resulting spaces will have new singular points and it will be
essential to understand their orbifold groups. To do this, it will necessary to make
use of the Hopf fibration.
Given the standard embedding S3 ⊂ C2, and writing S2 = C∪{∞}, the Hopf map
H : S3 → S2 is given by
H(z1, z2) 7→ z1/z2.(2.4)
Observe that the Hopf fiber, over a general z ∈ S2, is the S1 given by
eiθ(|z|2 + 1)−1/2(z, 1) = eiθ(|z|2 + 1)−1/2(z + jˆ) ∈ S3.(2.5)
Using (2.5) to examine this fibration under quaternionic multiplication, one finds the
following. The Hopf fibration is preserved by all right multiplication, however it is
only preserved under left multiplication by quaternions of the form eiθ and eiθ ∗ jˆ.
Thus, from (2.3), it is clear that all of U(2) preserves the Hopf fiber structure. To
find all other finite subgroups of SO(4) which act freely on S3 and preserve the Hopf
fibration, it is only necessary to examine those which are orientation reversed conju-
gate to the finite subgroups of U(2) listed in Table 1.1. Since the orientation reversed
conjugate groups are generated by switching left and right quaternionic multiplication
of the generators of subgroups of U(2), it will be precisely those orientation reversed
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conjugate to subgroups of U(2) that have only elements of the form eiθ or eiθ ∗ jˆ acting
on the right which preserve the Hopf fibration. In [LV14], the authors provided a list
of these groups along with their generators, and referring to this it is clear that the
only non-cyclic orientation reversed conjugate groups that preserve the Hopf fiber
structure are those given in Table 2.1.
Table 2.1. Groups preserving the Hopf fibration but not contained in U(2).
Non-cyclic Γ ⊂ SO(4) Conditions Generators
φ(L(1, 2m)×D∗4n) (m, 2n) = 1 φ(1, e
πi
m ), φ(e
πi
n , 1), φ(jˆ, 1)
I2m,n (m, 2) = 2, (m,n) = 1 φ(1, e
πi
m ), φ(e
πi
n , 1), φ(jˆ, e
πi
2m )
2.2. Minimal resolutions and ALE metrics. For all finite subgroups Γ ⊂ U(2),
which act freely on S3, Brieskorn described the minimal resolution of C2/Γ complex
analytically [Bri68]. Here, we will first describe the minimal resolution of cyclic
quotients, and then use this to to provide a description for all possible cases.
Let X˜ be the minimal resolution of C2/L(q, p), where 1 ≤ q < p are relative
prime integers. The exceptional divisor of X˜ , known as a Hirzebruch-Jung string, has
intersection matrix:
✉
−e1
✉
−e2
✉
−ek−1
✉
−ek
Figure 1. Hirzebruch-Jung string.
where the ei and k are determined by the following Hirzebruch-Jung modified Eu-
clidean algorithm:
p = e1q − a1
q = e2a1 − a2
...
ak−3 = ek−1ak−2 − 1
ak−2 = ekak−1 = ek,
(2.6)
where the self-intersecton numbers ei ≥ 2 and 0 ≤ ai < ai−1, see [Hir53]. The integer
k is called the length of the modified Euclidean algorithm. (These values can also be
understood in terms of a continued fraction expansion of q/p.)
Remark 2.1. We will often need to distinguish the length of the modified Euclidean
algorithm for a particular pair of relatively prime integers 1 ≤ q < p, and therefore
we denote this by k(q,p) when necessary.
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For a non-cyclic finite subgroup Γ ⊂ U(2) which acts freely on S3, the exceptional
divisor of the minimal resolution of C2/Γ is a tree of rational curves with normal
crossing singularities. There is a distinguished rational curve which intersects exactly
three other rational curves. We refer to this as the central rational curve, and it has
self-intersection number
−bΓ = −2−
4m
|Γ|
[
m−
(
m mod
|Γ|
4m
)]
,(2.7)
where m corresponds to that of the group as in Table 1.1. Emanating from the central
rational curve are three Hirzebruch-Jung strings corresponding to the singularities
L(pi − qi, pi) = L(qi, pi), for i = 1, 2, 3, where the L(qi, pi) are the cyclic singularities
of the orbifold quotients of Theorem 2.2 specified for each group below.
In [LV14], the authors constructed scalar-flat Ka¨hler ALE metrics on the minimal
resolution of C2/Γ for all non-cyclic finite subgroups Γ ⊂ U(2) which act freely on
S3. The previously known examples of such spaces are for non-cyclic finite subgroups
Γ ⊂ SU(2) (these are the binary polyhedral groups), for which Kronheimer obtained
and classified hyperka¨hler metrics on these minimal resolutions [Kro89a, Kro89b].
LeBrun constructed a U(2)-invariant scalar-flat Ka¨hler ALE metric on the minimal
resolution of C2/L(1, ℓ) for all positive integers ℓ [LeB88]. The ℓ = 2 case is the well-
known Eguchi-Hanson metric [EH79]. The minimal resolution here is the total space
of the bundle O(−ℓ) over CP1. These are known as the LeBrun negative mass metrics
and are denoted by (O(−ℓ), gLB).
In [CS04], Calderbank-Singer used the Joyce ansatz [Joy95] to explicitly construct
toric scalar-flat Ka¨hler metrics on the minimal resolution of C2/L(q, p) for all rela-
tively prime integers 1 ≤ q < p. When q = 1 these are the LeBrun negative mass
metrics, and when q = p − 1 these are the toric multi-Eguchi-Hanson metrics (all
monopole points lie on a common line), see [GH78].
2.3. Orbifold quotients. It will be essential to the work here to examine quotients
of certain weighted projective spaces. These are defined in general as follows. For
relatively prime integers 1 ≤ r ≤ q ≤ p, the weighted projective space CP2(r,q,p) is
S5/S1, where S1 acts by
(z0, z1, z2) 7→ (e
irθz0, e
iqθz1, e
ipθz2),
for 0 ≤ θ < 2π. Each weighted projective space is a complex orbifold which admits
a unique Bochner-Ka¨hler metric that we refer to as the canonical Bochner-Ka¨hler
metric, see [Bry01] for existence and [DG06] for uniqueness. In real four-dimensions
the Bochner-tensor is precisely the anti-self-dual part of the the Weyl tensor, so these
metrics are self-dual Ka¨hler.
Topologically, the conformal compactification of O(−n) is the weighted projective
space CP2(1,1,n), which has a singularity of type L(−1, n) at [0, 0, 1], the point of com-
pactification. In [DL14], the first author and Dabkowski proved an explicit Ka¨hler
conformal compactification of U(n)-invariant Ka¨hler ALE spaces, i.e. the conformal
compactification of such spaces to Ka¨hler orbifolds. (It is important to note that
the resulting spaces are Ka¨hler with respect to reverse-oriented complex structures.)
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Therefore, the LeBrun negative mass metric on O(−n) has a conformal compactifi-
cation to a Ka¨hler metric on Ô(−n) = CP2(1,1,n). Moreover, since the ALE metric is
anti-self-dual the compactified metric is self-dual, so this is necessarily the canonical
Bochner-Ka¨hler metric on CP2(1,1,n). Previously, in [Joy91], Joyce proved that there is
a quaternionic metric on CP2(1,1,n) which must be conformal to (O(−n), gLB). How-
ever, from [DL14], we see that the canonical Bochner-Ka¨hler metric on CP2(1,1,n) is
given explicitly by
gBK =
dr2
(1 + r2)(1 + nr2)
+
r2
r2 + 1
[
σ21 + σ
2
2 +
( 1 + nr2
r2(1 + r2)
)
σ23
]
,(2.8)
where σ1, σ2, σ3 is the usual left-invariant coframe on SU(2) and r = 0 corresponds
to [0, 0, 1], the point of compactification. Also, the rational curve defined by
Σ := {[z0, z1, 0] : z0, z1 ∈ C} ⊂ CP
2
(1,1,n)(2.9)
will frequently be considered, so we make a point of distinguishing it here. The
corresponding rational curve in quotients of CP2(1,1,n) will be denoted by Σ as well.
In [LV14], for each non-cyclic finite subgroup Γ ⊂ U(2) which acts freely on S3,
the authors took a specific quotient of a certain (O(−2m), gLB) to obtain a scalar-
flat Ka¨hler ALE orbifold with group at infinity Γ and with all singularities isolated
and of cyclic type. The conformal compactification factor from [DL14] descends to
compactify these quotients to self-dual Ka¨hler orbifold quotients of (CP2(1,1,2m), gBK).
The following theorem is an immediate consequence of [LV14, Theorem 4.1].
Theorem 2.2. For each non-cyclic finite subgroup Γ ⊂ U(2) which acts freely on
S3, the quotient (CP2(1,1,2m), gBK)/Γ is a self-dual Ka¨hler orbifold with four isolated
singularities – one at the point of compactification with orbifold group Γ, and three
on the rational curve Σ with orbifold groups specified precisely as follows.
Γ ⊂ U(2) Conditions Orbifold groups
φ(L(1, 2m)×D∗4n) (m, 2n) = 1 L(1, 2) L(1, 2) L(m,n)
φ(L(1, 2m)× T ∗) (m, 6) = 1 L(1, 2) L(m, 3) L(m, 3)
φ(L(1, 2m)× O∗) (m, 6) = 1 L(1, 2) L(m, 3) L(m, 4)
φ(L(1, 2m)× I∗) (m, 30) = 1 L(1, 2) L(m, 3) L(m, 5)
I
2
m,n (m, 2) = 2, (m,n) = 1 L(1, 2) L(1, 2) L(m,n)
I
3
m (m, 6) = 3 L(1, 2) L(1, 3) L(2, 3)
Remark 2.3. We write the orbifold groups of the three singularities on the rational
curve Σ of the quotients (CP2(1,1,2m), gBK)/Γ in Theorem 2.2 as L(qi, pi), for i = 1, 2, 3,
where qi is chosen modulo pi to satisfy 1 ≤ qi < pi.
3. Eta invariants and Einstein metrics
In this section, we first derive the general formula for the η-invariant given in
Theorem 1.3, and then prove the non-existence result for Einstein metrics stated in
Theorem 1.5.
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3.1. Proof of Theorem 1.3. Recall that, up to conjugation in SO(4), the finite
subgroups of SO(4) which act freely on S3 are the finite subgroups of U(2), which act
freely on S3, and their orientation-reversed conjugates [Sco83].
We first discuss the η-invariant of cyclic groups. For relatively prime integers
1 ≤ q < p, the following formula is proved in [AI08, LV12]:
η(S3/L(q, p)) =
1
3
( k∑
i=1
ei +
q−1;p + q
p
)
− k,(3.1)
where the ei and k are as defined in (2.6), and q
−1;p denotes the inverse of q mod p.
Remark 3.1. Let Γ ⊂ U(2) be a finite subgroup which acts freely on S3, and
let Γ ⊂ SO(4) denote its orientation reversed conjugate. It is elementary that
η(S3/Γ) = −η(S3/Γ). Therefore, since all possible cyclic groups are orientation
preserving conjugate to some L(q, p), and the η-invariants of these are given by (3.1),
the theorem will follow from finding the η-invariant of all non-cyclic finite subgroups
of U(2) which act freely on S3.
Since τtop(CP
2
(1,1,2m), gBK) = 1, from (1.3) and (3.1), observe that the orbifold
signature is
τorb(CP
2
(1,1,2m)) = η(1, 2m) + 1 =
2m2 + 1
3m
.(3.2)
Let Γ ⊂ U(2) be a finite subgroup which acts freely on S3 and consider
Γ˜ = Γ/L(1, 2m) ⊂ U(2)/L(1, 2m).(3.3)
Clearly, Γ˜ acts effectively on CP2(1,1,2m) and CP
2
(1,1,2m)/Γ˜ = CP
2
(1,1,2m)/Γ is an orbifold
with orbifold groups Γ at the point of compactification and L(qi, pi), for i = 1, 2, 3, on
the rational curve Σ as specified in Theorem 2.2. From the orbifold signature theorem
(1.3), since τtop(CP
2
(1,1,2m)/Γ˜) = 1 and τorb(CP
2
(1,1,2m)/Γ˜) =
1
|Γ˜|
(
2m2+1
3m
)
, we find that
η(S3/Γ) =
1
|Γ˜|
(2m2 + 1
3m
)
− 1−
3∑
i=1
η(L(qi, pi)).(3.4)
The proof is completed for each case by using the appropriate singularities as specified
in Theorem 2.2, and then computing the corresponding cyclic eta-invariants for the
particular congruences of m.
For instance, when Γ = φ(L(1, 2m) × T ∗), observe from Theorem 2.2 that the
singularities are of types L(1, 2), L(m, 3), L(m, 3). Therefore
η(S3/φ(L(1, 2m)× T ∗)) =
1
12
(2m2 + 1
3m
)
− 1− η(S3/L(1, 2))− 2η(S3/L(m, 3))
=
1
12
(2m2 + 1
3m
)
− 1±
4
9
for m ≡ ±1 mod 6.
The idea for the other cases is identical and the computations, which follow similarly,
are omitted.
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Remark 3.2. The η-invariants of the binary polyhedral groups were known [Nak90].
However, their direct computation is arduous and here they are recovered simply.
3.2. Proof of Theorem 1.5. We will use Theorem 1.3 along with the following
ALE analogue of the Hitchin-Thorpe inequality due to Nakajima. Let (M, g) be a
Ricci-flat ALE manifold with group at infinity Γ, then
2
(
χtop(M)−
1
|Γ|
)
≥ 3|τtop(M)− η(S
3/Γ)|,(3.5)
with equality if and only if W+ or W− vanishes identically [Nak90], see also [Hit97].
First, let X be diffeomorphic to the minimal resolution of C2/Γ for some finite
Γ ⊂ U(2) which acts freely on S3. For relatively prime integers 1 ≤ q < p, let k(q,p)
denote the length, and e
(q,p)
j the coefficients, of the modified Euclidean algorithm (2.6)
for (q, p). Then
χtop(X) = 1− τtop(X)
τtop(X) =
−1−
3∑
i=1
k(pi−qi,pi) Γ non-cyclic
−k(q,p) Γ = L(q, p),
(3.6)
where the L(pi − qi, pi), for i = 1, 2, 3, are orientation reversed orbifold groups of
those given for Γ in Theorem 2.2. These orbifold groups are orientation reversed
conjugate to those on the quotient of weighted projective space appearing in the proof
of Theorem 1.3, so rewriting (3.4) with respect to these groups here just reverses the
sign of the η-invariants of the cyclic groups appearing in the sum.
For non-cyclic Γ there is the term
∑3
i=1 k(pi−qi,pi) in both τtop(X) and η(S
3/Γ). This
follows from (3.1), (3.4), and (3.6). Therefore, we compute that
τtop(X)− η(S
3/Γ) =−
1
|Γ˜|
(2m2 + 1
3m
)
−
1
3
3∑
i=1
( k(pi−qi,pi)∑
j=1
e
(pi−qi,pi)
j
)
−
1
3
3∑
i=1
(pi − qi)
−1;pi + (pi − qi)
pi
.
Since each summand here is positive, rewrite (3.5) as
2
3∑
i=1
k(pi−qi,pi) + 4−
2
|Γ|
≥
1
|Γ˜|
(2m2 + 1
m
)
+
3∑
i=1
( k(pi−qi,pi)∑
j=1
e
(pi−qi,pi)
j
)
+
3∑
i=1
(pi − qi)
−1;pi + (pi − qi)
pi
.
(3.7)
Observe that for any non-cyclic Γ ⊂ SU(2) equality holds in (3.7), so any Ricci-flat
metric in this case must also be anti-self-dual. Therefore, these are the hyperka¨hler
ALE metrics classified by Kronheimer [Kro89a, Kro89b]. Now, we will show that the
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inequality (3.7) is violated for all non-cyclic Γ 6⊂ SU(2). Recall, from (2.6), that all
e
(pi−qi,pi)
j ≥ 2. Since Γ 6⊂ SU(2) is non-cyclic, for each L(pi − qi, pi) there is at least
one e
(pi−qi,pi)
j > 2, so the problem reduces to proving that the inequality
1−
2
|Γ|
≥
1
|Γ˜|
(2m2 + 1
m
)
+
3∑
i=1
(pi − qi)
−1;pi + (pi − qi)
pi
(3.8)
is violated. Finally, observe that this is so since for all such groups at least one of the
L(pi − qi, pi) = L(1, 2) for which the term
(pi−qi)−1;pi+(pi−qi)
pi
= 1.
For Γ = L(q, p) cyclic, (3.5) reduces to
2
(
k(q,p) + 1−
1
p
)
≥
k(q,p)∑
j=1
ej +
q−1;p + q
p
.(3.9)
Clearly, this inequality holds if and only if Γ = L(−1, p), in which case it holds with
equality, so any Ricci-flat metric in this case must also be anti-self-dual. Therefore,
these are the hyperka¨hler Gibbons-Hawking multi-Eguchi-Hanson metrics.
Finally, let X be diffeomorphic to the iterated blow-up of the minimal resolution
of C2/Γ. Then, here (3.5) reduces to the inequalities (3.7) and (3.8) with 2ℓ and 3ℓ
added to the left and right hand sides of each respectively, where ℓ ≥ 1 is the number
of blow-ups. Given the previous arguments, it is easy to see that (3.5) is always
violated, and therefore no Ricci-flat metrics can exist.
4. Self-dual deformations
In Section 4.1 the proof of Theorem 1.6 is given. Then, using this along with the
previous work of the authors in [LV12], we prove Theorem 1.7 in Section 4.2.
4.1. Proof of Theorem 1.6. In [LV12], the authors proved an index formula for the
anti-self-dual deformation complex on an orbifold with isolated cyclic singularities,
which is easily adjusted to find an index formula the self-dual deformation complex.
As an intermediate step to this, we showed that if (M, g) is a compact self-dual
orbifold with finitely many isolated singularities {p1, · · · , pn} having corresponding
orbifold groups {Γ1, · · · ,Γn}, where Γi ⊂ SO(4) is any finite subgroup which acts
freely on S3, then the index of the self-dual deformation complex can be expressed
by a topological quantity and a correction term depending only on the Γi as follows
Ind(M, g) =
1
2
(15χ(M)− 29τ(M)) +
n∑
i=1
N(Γi).(4.1)
For Γ = L(q, p) the authors proved that
N(L(q, p)) =
−
k∑
i=1
4ei + 12k − 10 when q > 1
−4p+ 4 when q = 1,
(4.2)
where k and the ei are as in the modified Euclidean algorithm (2.6).
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Recall that, up to conjugation in SO(4), the set of finite subgroups of SO(4) which
act freely on S3 are given by the finite subgroups of U(2) which act freely on S3 and
their orientation reversed conjugates [Sco83]. From the following lemma, we see that
it will be enough to find the correction terms for those subgroups of U(2).
Lemma 4.1. Let Γ ⊂ U(2) be a non-cyclic finite subgroup which acts freely on S3,
and let Γ ⊂ SO(4) denote its orientation reversed conjugate group. Then, the self-dual
index correction term for Γ is given in terms of that for Γ by
N(Γ) = −N(Γ)−
{
7 Γ 6⊂ SU(2)
5 Γ ⊂ SU(2).
Proof. Consider the quotient (S4, g)/Γ, where g is the standard round metric and Γ
acts around the x5-axis. This is a self-dual orbifold with two singularities, one of type
Γ and the other of type Γ. It is well known that both H1SD and H
2
SD of the self-dual
deformation complex vanish in this case, thus the index is given by dim(H0SD). From
[McC02], we have that dim(H0SD) = 1 if Γ 6⊂ SU(2) and not cyclic, and dim(H
0
SD) = 3
if Γ ⊂ SU(2) and not cyclic. Equating this with the index obtained from (4.1), since
χtop(S
4/Γ) = 2 and τtop(S
4/Γ) = 0, we find that
8 +N(Γ) +N(Γ) =
{
1 Γ 6⊂ SU(2)
2 Γ ⊂ SU(2),
(4.3)
from which we can solve for N(Γ) to complete the proof. 
Therefore, to complete the proof, it is only necessary to find the correction term
for finite subgroups of U(2) which act freely on S3, and the plan for the remainder
of the proof is as follows. For any finite subgroup Γ ⊂ U(2) which acts freely on S3,
recall the orbifold quotients (CP2(1,1,2m), gBK)/Γ from Theorem 2.2. In [Hon13], Honda
discovered the explicit form of the U(2)-action on H1SD of the self-dual deformation
complex of (CP2(1,1,2m), gBK). Applying a representation theoretic argument to this,
we find the dimension of the space of invariant elements of H1SD under the quotient
by Γ. Since finding dim(H1SD) of the self-dual deformation complex on the quotient
(CP2(1,1,2m), gBK)/Γ is equivalent to finding the dimension of space of invariant ele-
ments of H1SD on (CP
2
(1,1,2m), gBK) under the action of Γ, we then use this to recover
the index. Finally we solve for N(Γ) in terms of the index, which at this point is
known, and the correction terms of the cyclic quotient singularities, which are known
from (4.2), that arise in the quotient.
In the following proposition we find the dimension of H1SD of (CP
2
(1,1,2m), gBK)/Γ,
which we are able to give simply in terms of bΓ (the negative of the self-intersection
number of the central rational curve).
Proposition 4.2. Let Γ ⊂ U(2) be a non-cyclic finite subgroup which acts freely on
S3. Then, the dimension of the space of the first cohomology group of the self-dual
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deformation complex on (CP2(1,1,2m), gBK)/Γ is given by
dim(H1SD,Γ) = 4bΓ − CΓ =
16m
|Γ|
[
m−
(
m mod
|Γ|
4m
)]
+ 8− CΓ,
where CΓ is a constant given by
Γ ⊂ U(2) CΓ Congruences
φ(L(1, 2m)×D∗4n), I
2
m,n
6 m 6≡ 1 mod |Γ|/(4m)
8 m ≡ 1 mod |Γ|/(4m)
φ(L(1, 2m)× T ∗), φ(L(1, 2m)× O∗), I3m
4 m ≡ −1 mod |Γ|/(4m)
6 m 6≡ ±1 mod |Γ|/(4m)
8 m ≡ 1 mod |Γ|/(4m)
φ(L(1, 2m)× I∗)
4 m ≡ 17, 23, 29 mod 30
6 m ≡ 7, 11, 13, 19 mod 30
8 m ≡ 1 mod 30
Proof. The space (CP2(1,1,2), gBK) is the Ka¨hler conformal compactification of the
Eguchi-Hanson metric on O(−2) for which it is well known that dim(H1SD) = 0.
This is the m = 1 case. For m > 1, Honda showed that the complexification of H1SD
of the self-dual deformation complex on (CP2(1,1,2m), gBK) is equivalent to
ρ⊕ ρ¯, where ρ =
(
S2m−2(C2)⊗ det
)
⊕
(
S2m−4(C2)⊗ det 2
)
,(4.4)
as a representation space of U(2), see [Hon13]. The dimension of the space of invariant
elements of H1SD under the action of Γ is equal to that under the action of any
subgroup Γ′ ⊂ Γ that has the same effective action as Γ and is given by
dim(H1SD,Γ) = dim(H
1
SD,Γ′) =
1
|Γ′|
∑
γ∈Γ′
(
χρ(γ) + χρ¯(γ)
)
=
2
|Γ′|
∑
γ∈Γ′
χρ(γ),(4.5)
where χρ(γ) and χρ¯(γ) denote the characters of γ with respect to each representation.
Since the eigenvalues of any γ ∈ U(2) can be written as {z1 = e
iθ1 , z2 = e
iθ2} for
some 0 ≤ θ1, θ2 < 2π, observe that
χρ(γ) = (z1z2)
2m−2∑
p=0
z2m−2−p1 z
p
2 + (z1z2)
2
2m−4∑
p=0
z2m−4−p1 z
p
2 .(4.6)
Clearly, dim(H1SD) = 2χρ(±Id) = 8m− 8.
In order to compute (4.5), we introduce a number theoretic function and identity.
• For x ∈ R, the sawtooth function is defined as
((x)) =
{
x− ⌊x⌋ − 1
2
when x 6∈ Z
0 when x ∈ Z,
(4.7)
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where ⌊x⌋ denotes the greatest integer less than x.
• For n, k, with k ≥ 1, the following identity is due to Eisenstein, see [Apo90]:
n−1∑
j=1
sin
(2πk
n
j
)
cot
(π
n
j
)
= −2n
((k
n
))
.(4.8)
We first consider those groups Γ that are the image under φ of the product of
L(1, 2m) and a binary polyhedral group, and let Γ′ ⊂ Γ be the subgroup that is
the binary polyhedral group itself. All elements γ ∈ Γ′ have eigenvalues of the form
{z = eiθγ , z−1 = e−iθγ} since each Γ′ ⊂ SU(2). Thus, for γ 6= ±1, the character (4.6)
reduces to
χρ(γ) =
2m−2∑
p=0
z2m−2−2p +
2m−4∑
p=0
z2m−4−2p = 2 sin((2m− 2)θγ) cot(θγ),(4.9)
and therefore
dim(H1SD,Γ) = dim(H
1
SD,Γ′) =
4
|Γ′|
[
(4m− 4) +
∑
γ 6=±Id∈Γ′
sin((2m− 2)θγ) cot(θγ)
]
.
(4.10)
Now, dim(H1SD,Γ′) will be found for each binary polyhedral group separately. We
provide the eigenvalue decomposition of each group in the form of a list of sets of
eigenvalues along with multiplicities, where the multiplicity of a particular set is the
number of times the eigenvalues of that set appear in the set of all eigenvalues of the
group. Grouping the eigenvalues as such will allow us to use (4.8) to compute (4.10).
The eigenvalue decompositions of the binary polyhedral groups are found easily by
examining their well-known decomposition into conjugacy classes, see [Ste08].
Γ′ = D∗
4n
: The eigenvalue decomposition of the binary dihedral group is given by:
Set Multiplicity
S1 =
{
{e
πik
n , e−
πik
n }
}
1≤k≤2n
1
S2 =
{
{i,−i}
}
2n
Summing the characters (4.9) of the elements of S1 that are not ±Id gives two copies
of the sum (4.8) where k = m− 1. The element of S2 does not contribute to the sum
in (4.10) since ((1/2)) = 0. Therefore
dim(H1SD,D∗4n) =
1
n
[
(4m− 4)− 4n
((m− 1
n
))]
=
{
4⌊m−1
n
⌋ + 2 = 4bφ(L(1,2m)×D∗4n) − 6 m 6≡ 1 mod n
4(m−1)
n
= 4bφ(L(1,2m)×D∗4n) − 8 m ≡ 1 mod n.
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Γ′ = T ∗ : The eigenvalue decomposition of the binary tetrahedral group is given by:
Set Multiplicity
S1 =
{
{1, 1}, {−1,−1}
}
1
S2 =
{
{e
πi
3 , e−
πi
3 }, {e
2πi
3 , e−
2πi
3 }
}
8
S3 =
{
{i,−i}
}
6
Use (4.8) to sum the characters of the elements of S2 as given by (4.9). The elements
of S3 do not contribute to the sum in (4.10) since ((1/2)) = 0. Therefore, adjusting
these sums according to the appropriate multiplicities, we find that
dim(H1SD,T ∗) =
1
6
[
(4m− 4)− 48
((m− 1
3
))]
=
{
4(m+1)
6
= 4bφ(L(1,2m)×T ∗) − 4 m ≡ 5 mod 6
4(m−1)
6
= 4bφ(L(1,2m)×T ∗) − 8 m ≡ 1 mod 6.
Γ′ = O∗ : The eigenvalue decomposition of the binary octahedral group is given by:
Set Multiplicity
S1 =
{
{1, 1}, {−1,−1}
}
1
S2 =
{
{e
πi
3 , e−
πi
3 }, {e
2πi
3 , e−
2πi
3 }
}
8
S3 =
{
{e
πi
4 , e−
πi
4 }, {i,−i}, {e
3πi
4 , e−
3πi
4 }
}
6
S3 =
{
{i,−i}
}
12
Use (4.8) to sum the characters of the elements of S2 and S3 as given by (4.9). The
elements of S4 do not contribute to the sum in (4.10) since ((1/2)) = 0. Therefore,
adjusting these sums according to the appropriate multiplicities, we find that
dim(H1SD,O∗) =
1
12
[
(4m− 4)− 48
((m− 1
3
))
− 48
((m− 1
4
))]
=

m+1
3
= bφ(L(1,2m)×O∗) − 4 m ≡ 11 mod 12
m−1
3
= bφ(L(1,2m)×O∗) − 6 m ≡ 7 mod 12
m+1
3
= bφ(L(1,2m)×O∗) − 6 m ≡ 5 mod 12
m−1
3
= bφ(L(1,2m)×O∗) − 8 m ≡ 1 mod 12.
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Γ′ = I∗ : The eigenvalue decomposition of the binary octahedral group is given by:
Set Multiplicity
S1 =
{
{1, 1}, {−1,−1}
}
1
S2 =
{
{e
πi
3 , e−
πi
3 }, {e
2πi
3 , e−
2πi
3 }
}
20
S3 =
{
{e
πi
5 , e−
πi
5 }, {e
2πi
5 , e−
2πi
5 }, {e
3πi
5 , e−
3πi
5 }, {e
4πi
5 , e−
4πi
5 }
}
12
S3 =
{
{i,−i}
}
30
Use (4.8) to sum the characters of the elements of S2 and S3 as given by (4.9). The
elements of S4 do not contribute to the sum in (4.10) since ((1/2)) = 0. Therefore,
adjusting these sums according to the appropriate multiplicities, we find that
dim(H1SD,I∗) =
1
30
[
(4m− 4)− 120
((m− 1
3
))
− 120
((m− 1
5
))]
=

2(m+1)
15
= 4bφ(L(1,2m)×I∗) − 4 m ≡ 29 mod 30
2(m+7)
15
= 4bφ(L(1,2m)×I∗) − 4 m ≡ 23 mod 30
2(m+13)
15
= 4bφ(L(1,2m)×I∗) − 4 m ≡ 17 mod 30
2(m−4)
15
= 4bφ(L(1,2m)×I∗) − 6 m ≡ 19 mod 30
2(m+2)
15
= 4bφ(L(1,2m)×I∗) − 6 m ≡ 13 mod 30
2(m+8)
15
= 4bφ(L(1,2m)×I∗) − 6 m ≡ 7 mod 30
2(m+4)
15
= 4bφ(L(1,2m)×I∗) − 6 m ≡ 11 mod 30
2(m−1)
15
= 4bφ(L(1,2m)×I∗) − 8 m ≡ 1 mod 30.
For the I2m,n and I
3
m cases, we will compute (4.5) over the entire group Γ since there
is not a clear subgroup to play the role of Γ′ as above. Since these groups are not con-
tained in SU(2), not all γ ∈ Γ have eigenvalues of the form {eiθγ , e−iθγ}, and therefore
formula (4.10) does not hold. In [LV14, Proposition 6.1], the authors performed an
eigenvalue decomposition of these groups, which will be used to find dim(H1SD,Γ), and
from which we know that all elements of both groups have eigenvalues of the form
{ei(θ1+θ2), ei(θ1−θ2)}. Therefore, we compute
χρ(γ) = e
i(2mθ1)
[ 2m−2∑
p=0
(
eiθ2
)2m−2−2p
+
2m−4∑
p=0
(
eiθ2
)2m−4−2p]
=
{
ei(2mθ1)(4m− 4) θ2 = ℓπ for ℓ ∈ Z
ei(2mθ1)
[
2 sin((2m− 2)θ2) cot(θ2)
]
θ2 6= ℓπ, for ℓ ∈ Z.
(4.11)
Γ = I2
m,n
: The eigenvalue decomposition of I2m,n is given by:
Set Multiplicity
S1 =
{
(−1)ℓ{eπi(
ℓ
m
+ k
n
), eπi(
ℓ
m
− k
n
)}
}
0≤ℓ≤m−1 and 0≤k≤2n−1
1
S2 =
{
(−1)ℓ{eπi(
2ℓ+1
2m
+ 1
2
), eπi(
2ℓ+1
2m
− 1
2
)}
}
0≤ℓ≤m−1 and 0≤k≤2n−1
1
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Using (4.11), the characters are found to be
χρ(γ ∈ S1) =
{
2 sin
(
2π
n
k(m− 1)
)
cot
(
π
n
k
)
k 6= 0 or n
4m− 4 k = 0 or n.
χρ(γ ∈ S2) =0 since θ2 = π/2.
Then, using (4.8) to sum the characters, we find that
dim(H1SD,I2m,n) =
1
2mn
[
2m · (4m− 4)− 8mn
((m− 1
n
))]
=
{
4⌊m−1
n
⌋+ 2 = 4bI2m,n − 6 m 6≡ 1 mod n
4(m−1)
n
= 4bI2m,n − 8 m ≡ 1 mod n.
Γ = I3
m
: The eigenvalue decomposition of I3m is given by:
Set Multiplicity
S1 =
{
± e
πir
m {1, 1}
}
0≤r<m
1
S2 =
{
± e
πir
m {i,−i}
}
0≤r<m
3
S3 =
{
± e
πi(3r+1)
3m {e
πi
3 , e
−πi
3 }
}
0≤r<m
2
S4 =
{
± e
πi(3r+1)
3m {e
2πi
3 , e
−2πi
3 }
}
0≤r<m
2
S5 =
{
± e
πi(3r+2)
3m {e
2πi
3 , e
−2πi
3 }
}
0≤r<m
4
Using (4.11), the characters are found to be
χρ(γ ∈ S1) =4m− 4
χρ(γ ∈ S2) =0
χρ(γ ∈ S3) =2e
2πi/3 sin
(
2(m− 1)
π
3
)
cot
(π
3
)
= −e2πi/3
χρ(γ ∈ S4) =2e
2πi/3 sin
(
2(m− 1)
2π
3
)
cot
(2π
3
)
= −e2πi/3
χρ(γ ∈ S5) =2e
4πi/3 sin
(
2(m− 1)
2π
3
)
cot
(2π
3
)
= −e4πi/3.
(4.12)
The evaluation of the last three characters follows from m ≡ 0 mod 3. Since all
eigenvalues contained in the same set have equal characters, by multiplying each
character found in (4.12) by 2m, which is the size of each set, and the multiplicity of
the respect set, and summing, we find that
dim(H1SD,I3m) =
1
12m
[
2m · (4m− 4)− 8m(e2πi/3 + e4πi/3)
]
=
2
3
m
= 4bI3m − 6.

QUOTIENT SINGULARITIES 21
Now, we complete the proof of Theorem 1.6, by finding N(Γ), the non-topological
correction term for the index, for all finite non-cyclic Γ ⊂ U(2). The cohomology
groups of the self-dual deformation complex on the quotient (CP2(1,1,2m), gBK)/Γ cor-
respond to the invariant elements of the respective cohomology groups on the cover,
which we denote by H iSD,Γ for i = 1, 2, 3. Given dim(H
1
SD,Γ), found in Proposition
4.2, it is only necessary to find dim(H0SD,Γ) and dim(H
2
SD,Γ) to recover the index.
The second cohomology group H2SD of the self-dual deformation complex for the
Bochner-Ka¨hler metric on the weighted projective space (CP2(1,1,2m), gBK) vanishes
by [LM08, Theorem 4.2], and therefore in the quotient it vanishes as well. The
cohomology group H0SD,Γ is given by the elements of H
0
SD on the cover that commute
with the respective Γ. The S1 given by φ(eiθ, 1) is contained in the centralizer of all
Γ, and it is easy to check that, for all non-cyclic Γ, these are the only elements of
H0SD which commute with the respective Γ, so dim(H
0
SD,Γ) = 1. Therefore, the index
is
Ind((CP2(1,1,2m), gBK)/Γ) = 1− dim(H
1
SD,Γ).(4.13)
The quotient (CP2(1,1,2m), gBK)/Γ has four singularities with orbifold groups Γ and
L(qi, pi), for i = 1, 2, 3, as specified above in Theorem 2.2. Thus, from (4.1), the index
is also given by
Ind((CP2(1,1,2m), gBK)/Γ) =
1
2
(15χtop − 29τtop) +
3∑
i=1
N(L(qi, pi)) +N(Γ).(4.14)
Equating (4.13) and (4.14), since χtop = 3 and τtop = 1, we find that
N(Γ) = −7 − dim(H1SD,Γ)−
3∑
i=1
N(L(qi, pi)).(4.15)
For each Γ, insert the corresponding dim(H1SD,Γ) and cyclic orbifold groups, as were
found in Proposition 4.2 and Theorem 2.2 respectively. Finally, the proof is com-
pleted, for Γ ⊂ U(2), by examining the conditions on the Γ and the respective pos-
sible congruences of m, and using these appropriately along with the known cyclic
correction terms (4.2) to see that
N(Γ) = −4bΓ + BΓ,(4.16)
where the BΓ are constants given in Table 4.1.
We compute N(φ(L(1, 2m)×T ∗)) as an example. From Theorem 2.2 we know that
the singularities are of type L(1, 2), L(m, 3), L(m, 3), so using (4.2) to find the correc-
tion terms for these singularities along with H1SD,Γ as determined in Proposition 4.2,
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observe that
N(φ(L(1, 2m)× T ∗)) =− 7−N(L(1, 2))− 2N(L(m, 3))
− 4bφ(L(1,2m)×T ∗) +
{
8 m ≡ 1 mod 6
6 m ≡ 5 mod 6
=− 4bφ(L(1,2m)×T ∗) +
{
21 m ≡ 1 mod 6
5 m ≡ 5 mod 6.
The idea for the other cases is identical and the computations, which follow similarly,
are omitted.
Table 4.1. Self-dual index correction terms for Γ ⊂ U(2)
Γ ⊂ U(2) BΓ Congruences
φ(L(1, 2m)×D∗4n)
7−N(L(m,n)) m 6≡ 1 mod n
5 + 4n m ≡ 1 mod n
φ(L(1, 2m)× T ∗)
5 m ≡ 5 mod 6
21 m ≡ 1 mod 6
φ(L(1, 2m)× O∗)
1 m ≡ 11 mod 12
9 m ≡ 7 mod 12
17 m ≡ 5 mod 12
25 m ≡ 1 mod 12
φ(L(1, 2m)× I∗)
−3 m ≡ 29 mod 30
5 m ≡ 19 mod 30
9 m ≡ 17, 23 mod 30
17 m ≡ 7, 13 mod 30
21 m ≡ 11 mod 30
29 m ≡ 1 mod 30
I
2
m,n diagonal
7−N(L(m,n)) m 6≡ 1 mod n
5 + 4n m ≡ 1 mod n
I
3
m diagonal 13 m ≡ 3 mod 6
Remark 4.3. Although the correction terms for φ(L(1, 2m)×D∗4n) and I
2
m,n contain
an N(L(m,n)), they are computed algorithmically via (4.2).
Remark 4.4. The second author found the correction terms for the binary polyhedral
groups [Via12]. These are recovered here as well in the m = 1 case.
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4.2. Proof of Theorem 1.7. Let (X, g) be a scalar-flat Ka¨hler ALE metric on the
minimal resolution of C2/Γ for some finite subgroup Γ ⊂ U(2) which acts freely on S3.
In [LV14], the authors showed that the dimension of infinitesimal scalar-flat Ka¨hler
deformations is at most
dΓ,max = 2
( kΓ∑
i=1
(ei − 1)
)
+ kΓ − 3,(4.17)
where −ei is the self-intersection number of the kth rational curve; hence, to prove
Theorem 1.7, we will consider the self-dual conformal compactification (X̂, ĝ), and
show that dimension of the moduli space of self-dual conformal structures near ĝ is
greater than or equal to dΓ,max, with equality if and only if Γ ⊂ SU(2). We separate
the proof into two parts – for Γ non-cyclic and for Γ cyclic. The underlying idea is the
same for each case, but due to the differences of the respective N(Γ) it is necessary
to consider them separately.
Let Γ be non-cyclic. To find a convenient presentation of dΓ,max, consider the
description of the minimal resolution of C2/Γ from Section 2.2. Recall there is the
central rational curve with self-intersection −bΓ off of which three Hirzebruch-Jung
strings corresponding to the singularities L(p1−qi, pi), for i = 1, 2, 3, emanate. Letting
E(pi−qi,pi) denote the sum
∑k(pi−qi,pi)
j=1 e
(pi−qi,pi)
j , where the e
(pi−qi,pi)
j are the coefficients
appearing in the modified Euclidean algorithm for the pair (pi − qi, pi), we see that
dΓ,max =
3∑
i=1
(2E(pi−qi,pi) − k(pi−qi,pi)) + 2bΓ − 4.(4.18)
Now, we examine the index of the self-dual deformation complex on (X̂, ĝ). Recall
that τtop(X̂) = 1+
∑3
i=1 k(pi−qi,pi) and χtop(X̂) = τtop(X̂)+2. Therefore, since H
2
SD(X̂)
of the self-dual deformation complex vanishes [LM08, Theorem 4.2], the index is given
by
Ind(X̂, ĝ) = dim(H0SD)− dim(H
1
SD) = −7
3∑
i=1
k(pi−qi,pi) + 8 +N(Γ).(4.19)
Using (4.15) for N(Γ), Proposition 4.2 for H1SD,Γ, and since dim(H
0
SD) = 1, observe
that
dim(H1SD) = 7
3∑
i=1
k(pi−qi,pi) + 4bΓ − CΓ +
3∑
i=1
N(L(qi, pi)),(4.20)
where the CΓ are constants specified in Proposition 4.2. Although N(Γ) is given
explicitly in Table 4.1, it is more useful to consider (4.15) here. We would like to
understand each N(L(qi, pi)) in terms of N(L(pi − qi, pi)) as to be able to compare
(4.20) with dΓ,max. In [LV12], the authors showed that, for 1 < qi < pi − 1,
N(L(qi, pi)) = −N(L(pi − qi, pi))− 12 = 4E(pi−qi,pi) − 12k(pi−qi,pi) − 2,(4.21)
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and from (4.1) it is clear thatN(L(1, pi)) = −N(L(−1, pi))−10 for pi > 2. Therefore,
we find that
dim(H1SD) =
3∑
i=1
(
4E(pi−qi,pi) − 5k(pi−qi,pi)
)
+ 4bΓ − CΓ − 2κ,(4.22)
where κ is the number of singularities not of type L(±1, pi); note that k ≤ 1 with
equality only in the case that Γ = φ(L(1, 2m)× I∗) and m ≡ ±2 mod 5. Using (2.7),
observe that
dim(H1SD)− dΓ,max =
3∑
i=1
(
2E(pi−qi,pi) − 4k(pi−qi,pi)
)
+
8m
|Γ|
[
m−
(
m mod
|Γ|
4m
)]
− CΓ − 2κ+ 8.
(4.23)
For Γ ⊂ SU(2), it is clear from (4.23) that dim(H1SD) = dΓ,max. These are the hy-
perka¨hler metrics, see [LV14, Section 8]. For Γ 6⊂ SU(2), each E(pi−qi,pi) > 2k(pi−qi,pi)
since at least one of the e
(pi−qi,pi)
j > 2. Also, CΓ ≤ 8, and in particular CΓ ≤ 6 for the
Γ where κ = 1. Therefore, we see that
dim(H1SD)− dΓ,max ≥
3∑
i=1
(
2E(pi−qi,pi) − 4k(pi−qi,pi)
)
> 0.(4.24)
Now, let Γ = L(q, p), for some relatively prime integers 1 ≤ q < p, so
dΓ,max =
k(q,p)∑
j=1
2ej − k(q,p) − 3,(4.25)
where the ej are as in the modified Euclidean algorithm for the pair (q, p). Now,
we examine the index of the self-dual deformation complex on (X̂, ĝ). Recall that
τtop(X̂) = k(q,p) and χtop(X̂) = k(q,p) + 2. Once again, from [LM08, Theorem 4.2], we
see that H2SD vanishes. Therefore
Ind(X̂, ĝ) = dim(H0SD)− dim(H
1
SD) = −7k(q,p) + 15 +N(L(q, p)),(4.26)
and using (4.2) we find that
dim(H1SD) = dim(H
0
SD) +
k(q,p)∑
j=1
4ej − 5k(q,p) − 5− 2κ,(4.27)
where κ = 1 if q = 1 and κ = 0 otherwise. Observe that
dim(H1SD)− dΓ,max = dim(H
0
SD) +
k(q,p)∑
j=1
2ej − 4k(q,p) − 2− 2κ.(4.28)
For Γ = L(−1, p) ⊂ SU(2), these are the hyperka¨hler mutli-Eguchi-Hanson metrics,
and it is well known that the moduli space is of dimension 3(p − 2) = dΓ,max. For
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Γ 6⊂ SU(2), at least one ej > 2 and thus dim(H
1
SD)− dΓ,max > 0 which completes the
proof.
5. Self-dual constructions
It is well known that self-dual orbifolds with complementary singularities, and both
with vanishing H2SD of the self-dual deformation complex, can be glued together to
obtain self-dual metrics on the connected sum, see [DF89, Flo91, LS94, KS01, AV12].
The following theorem summarizes the results of these works.
Theorem 5.1. Let (M1, [g1]) and (M2, [g2]) be compact self-dual orbifolds which have
complementary singularities, i.e. the respective orbifold groups are orientation re-
versed conjugate to each other. If the second cohomology group of the self-dual defor-
mation complex on each orbifold vanishes, then the connect sum M1#M2, taken at
the complementary singularities, admits self-dual metrics.
Recall the list of the finite subgroups of SO(4) which act freely on S3, preserve the
Hopf fibration and which are not contained in U(2) that was given in Table 2.1. Since
these groups do not lie in U(2), a scalar-flat Ka¨hler ALE space with such a group
at infinity cannot exist. Thus, as posed by the second author in [Via12], the natural
question is that of the existence of scalar-flat anti-self-dual ALE metrics with these
groups at infinity. Theorem 1.8 answers this question in the affirmative for these
groups, which is proved below in Section 5.1. Subsequently, Corollary 1.10 is proved
in Section 5.2.
5.1. Proof of Theorem 1.8. Let Γ1 = φ(L(1, 2m)×D∗4n) and Γ2 = I
2
m,n. Since
both preserve the Hopf fiber structure, they act isometrically on the LeBrun negative
mass metrics. First, for each of these groups, we will take the quotient of some
appropriate negative mass metric to obtain an orbifold ALE space with the action of
the entire group at infinity. The idea here is analogous to that of [LV14, Theorem 4.1].
Notice that both Γ1 and Γ2 contain the generator φ(e
πi/n, 1), and as such, respectively
for each we take the quotient of (O(−2n), gLB) by the subgroup
Γi
′
=
{
〈φ(1, eπi/m), φ(jˆ, 1)〉 i = 1
〈φ(jˆ, eπi/(2m))〉 i = 2.
(5.1)
Here, the action is induced by the usual action on C2 and, in particular, on the CP1
at the origin it descends via the Hopf map. Since Γi
′
6⊂ U(2) the Ka¨hlerian property
is not preserved in the quotient, however, the anti-self-dual property is preserved.
Since jˆ ∗ (z1 + z2jˆ) = z¯1jˆ − z¯2, observe that under the Hopf map φ(jˆ, 1) acts as
H
(
φ(jˆ, 1)(z1, z2)
)
= −
z¯2
z¯1
∈ S2 = C ∪ {∞},(5.2)
which is the antipodal map. Also, notice φ(jˆ, eπi/(2m))2 = φ(−1, eπi/m) fixes points on
the CP1 at the origin that are identified by the antipodal map (the points {0}, {∞} ∈
S2 = C ∪ {∞}). Therefore, similar to the work in [LV14, Theorem 4.1], we find
that the quotients (O(−2n), gLB)/Γi
′
, for i = 1, 2, are anti-self dual ALE orbifolds
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with groups at infinity the respective Γi, and each having one singularity with orb-
ifold group L(−n,m) on the RP2 resulting from the quotient of the CP1 at the ori-
gin by the antipodal map. Clearly, this space has π1(O(−2n)/Γi
′
) = Z/2Z and
τtop(O(−2n)/Γi
′
) = 0. Notice that when m = 1, which can only occur for Γ2, these
are in fact smooth quotients and the proof is complete. Therefore, from here on we
can assume m > 1.
We note that O(−2n)/Γi
′
is diffeomorphic to a non-orientable bundle over RP2.
These are classified by H2(RP2,Zw), where Zw is the system of local coefficients
determined by the first Stiefel-Whitney class w of the bundle. It turns out that
H2(RP2,Zw) is isomorphic to Z, and under a suitable choice of isomorphism, this
bundle is mapped to the integer −n, see [Bar11].
The remainder of the proof will follow from the self-dual orbifold gluing of Theo-
rem 5.1. Consider the self-dual conformal compactification (Ô(−2n), ĝLB)/Γi
′
which
has two singularities – one with orbifold group L(n,m) on the RP2 and the other
with orbifold group Γi at the point of compactification, for i = 1, 2. Let (ĈL(−n,m), ĥ)
denote the compactification of a Calderbank-Singer metric with group L(−n,m) at
infinity. The second cohomology group H2SD of the self-dual deformation complex of
both orbifolds vanishes here by [LM08, Theorem 4.2] respectively. Therefore, we can
apply Theorem 5.1 to obtain a self-dual orbifold conformal structure [ĝi] with positive
Yamabe invariant on
X̂i = Ô(−2n)/Γi
′
# ĈL(−n,m),(5.3)
where the connect sum is taken at the L(n,m) orbifold point and the point of
compactification respectively, for i = 1, 2. The orbifold (X̂i, [ĝi]) has one singu-
larity with orbifold group Γi. Thus, for i = 1, 2, taking the conformal blow-up at
this point (since the Yamabe invariant is positive), we obtain a scalar-flat anti-self-
dual ALE space (Xi, gXi) with group at infinity Γi, satisfying π1(Xi) = Z/2Z and
τtop(Xi) = −k(m−n,m). We note that it follows from the gluing theorem that the sec-
ond cohomology group of the self-dual deformation complex H2SD(Xˆi) also vanishes
for these spaces.
Finally, an equivariant version of the gluing theorem can in fact be used to ensure
that the spaces (Xi, gXi) admit an isometric S
1-action.
5.2. Proof of Corollary 1.10. Let Γ1 = φ(L(1, 2m)×D
∗
4n) and Γ2 = I
2
m,n with m,n
as specified in Table 1.1 so the action on S3 is free. For i = 1, 2, let (Yi, gYi) denote the
scalar-flat Ka¨hler, hence anti-self-dual, ALE space with group at infinity Γi, obtained
for the non-cyclic (n > 1) and cyclic (n = 1) cases respectively in [LV14, CS04], and
let (Xi, gXi) be the scalar-flat anti-self-dual ALE spaces with the orientation reversed
groups at infinity Γ1 and Γ2 of Theorem 1.8. Taking the conformal compactifications
(Ŷi, ĝYi) and (X̂i, ĝXi) with the self-dual orientation, as in Remark 1.1, we obtain self-
dual orbifolds with orbifold groups Γi and Γi respectively. Since these are orientation
reversed conjugate, and because H2SD vanishes for each orbifold as pointed out above,
we are once again able to use the self-dual orbifold gluing of Theorem 5.1 to obtain a
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self-dual conformal structure on the orbifold connect sum X̂i#Ŷi, where the connect
sum is taken at the points of compactification.
Clearly the signature of this space, τ(X̂i#Ŷi) = −τ(Xi)− τ(Yi), is dependent upon
m and n, and to highlight this, we denote it by ℓi(m,n), for i = 1, 2. For any n, τ(Xi)
is easy to find from the work of Section 5.1, and in the non-cyclic case (n > 1), τ(Yi)
is given in [LV14]. In the cyclic case (n = 1) however, one finds that both Γ1 and
Γ2 are orientation preserving conjugate to L(2m+ 1, 4m) for their respective m, and
hence that τ(Yi) = −k(2m+1,4m) = −3. Therefore, we find that
ℓi(m,n) := τ(X̂i#Ŷi) = 3 +

k(n−m,n) + k(m−n,m) n > 1 and m > 1
m− 1 n = 1 and m > 1
n− 1 n > 1 and m = 1
0 n = 1 and m = 1.
(5.4)
Note that since m must be odd for Γ2, the last two cases in (5.4) cannot occur for this
group. Also, we distinguish the m = n = 1 case for Γ1 as (ℓ1(1, 1) = 3)#CP
2 is the
minimal number of CP2s on which a self-dual metric is obtained by this technique.
Now, we will show that X̂i#Ŷi is, in fact, simply connected. Cover X̂i#Ŷi with
open sets UX̂i and UŶi containing the X̂i and Ŷi components of the connect sum
respectively, and so that UX̂i ∩ UŶi deformation retracts to S
3/Γi. Recall that we
have the homomorphisms of fundamental groups iX̂i : π1(UX̂i ∩ UŶi) → π1(UX̂i) and
iŶi : π1(UX̂i ∩ UŶi) → π1(UŶi) induced from the respective inclusion maps. Observe
that iX̂i is surjective since π1(UX̂i) = Z/2Z results from the antipodal map on S
2
induced by the action of a generator of Γi under the Hopf map. Also, the map iŶi is
clearly trivial since π1(UŶi) = {1}. By the Seifert-van Kampen theorem
π1(X̂i#Ŷi) = π1(UX̂i) ∗ π1(UŶi)/N,(5.5)
where ∗ denotes the free product and N is the normal subgroup of π1(UX̂i) ∗ π1(UŶi)
generated by iX(γ)iY (γ)
−1 for all γ ∈ π1(UX̂i ∩ UŶi). Therefore, given that iX̂i
is surjective, iŶi is trivial, and π1(UŶi) = {1}, as discussed above, we find that
π1(X̂i#Ŷi) = {1}. By the results of Donaldson-Freedman, X̂i#Ŷi is homeomorphic
to ℓi(m,n)#CP
2 (see for example [FU91]). Finally, by taking sequences of conformal
factors which uniformly scale one of the factors to have zero volume in the limit, the
orbifold limiting statement follows immediately from this construction.
Again, an equivariant version of the gluing theorem can in fact be used to ensure
that these examples admit a conformally isometric S1-action.
Remark 5.2. The Donaldson-Freedman result only provides a homeomorphism, but
we suspect that these manifolds are in fact diffeomorphic to ℓ#CP2.
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